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PROBABILISTIC GLOBAL WELL-POSEDNESS OF THE 
ENERGY-CRITICAL DEFOCUSING QUINTIC NONLINEAR WAVE 

EQUATION ON R 3 

TADAHIRO OH AND OANA POCOVNICU 


Abstract. We prove almost sure global well-posedness of the energy-critical defocusing 
quintic nonlinear wave equation on R 3 with random initial data in H a ( R 3 ) x H s ~ 1 ( R 3 ) for 
s > -. The main new ingredient is a uniform probabilistic energy bound for approximating 
random solutions. 


Resume. On considere l’equation des ondes critique defocalisante dans R 3 a donees ini¬ 
tiates aleatoires dans H s ( R 3 ) x 1U _1 (R 3 ), avec s > h. On etablit que ce probleme est 
globalement bien-pose presque surement. Le principal ingredient nouveau de la preuve est 
une estimation probabiliste uniforme de l’energie des solutions approchees. 


1. Introduction 


1.1. Nonlinear wave equation. We consider the Cauchy problem for the energy-critical 
defocusing quintic nonlinear wave equation (NLW) on R 3 : 


d 2 u — A u + u 5 = 0 
(u,d t u)\ t =o = (u 0 ,ui), 


(■ t ,i)elx ]R 3 , 


( 1 . 1 ) 


where u is a real-valued function. NLW has been studied extensively from both applied 
and theoretical points of view, in particular in three spatial dimensions due to its physical 
importance. In this paper, we study the global-in-time behavior of solutions to (11.11) with 
random and rough initial data below the energy space. 

It is well known that the quintic NLW (11.11) on K 3 is invariant under the following dilation 
symmetry: 

u(t,x) e-X u\(t,x ) := \zu(\t, \x). (1-2) 


Namely, if u is a solution to (HU, then u\ is also a solution to (11.11) with rescaled initial 
data. Recall that the H 1 (R 3 ) x L 2 (R 3 ) -norm is invariant under this dilation symmetry: 


11 (^ A (0) , (0) ) 11 ^ 1 (M 3 ) x ^2 ( R 3) — ||(tt(0), dtU(0))||^l( K 3) xi 2( R 3)- 

Moreover, the conserved energy E(u) defined by 

E(u) = E(u,d t u) := [ ^{d t u } 2 + ^|Vu| 2 + \vPdx (1.3) 
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is also invariant under the dilation symmetry (11.211 . This explains why the quintic NLW on 
R' 3 is called energy-critical. In view of Sobolev’s inequality: hT 1 (M 3 ) C L 6 (R 3 ), we see that 
E(u , df u) < oo if and only if 

(u,d t u) € iL^R 3 ) x L 2 (R 3 ). 

In the following, we refer to ij 1 (R 3 ) x L 2 (R 3 ) as the energy space. 

Let us briefly recall the known results on global well-posedness of the defocusing NLW 
in the energy space. For an energy-subcritical defocusing NLW on R 3 with nonlinearity 
\u\ p ~ l u,p < 5, the conservation of the energy allows us to iterate the local-in-time argument 
and obtain global well-posedness in H 1 ( R 3 ) x L 2 (R 3 ). The energy-critical defocusing quintic 
NLW (11.111 on R 3 , however, lies at a rather delicate balance of dispersion by the linear 
evolution and concentration due to the nonlinearity, and the issue of global well-posedness 
for (II.Ill is more intricate. After substantial efforts made by many mathematicians, it is now 
known that CEO is globally well-posed in the energy space and all finite energy solutions 
scatter [28l [IH dU [26], [27] [I8l [HI [21 [lj [29]. Lastly, recall that the energy-critical quintic 
NLW (II.lH on R 3 is known to be ill-posed below the energy space [11]. 

Recently, there has been a significant development in probabilistic construction of local- 
in-time and global-in-time solutions to hyperbolic and dispersive PDEs below certain reg¬ 
ularity thresholds (such as a scaling critical regularity), where the equations are known 
to be ill-posed deterministically. In particular, following the methodology developed in 
[sum si os], one can easily prove almost sure local well-posedness of (11.11) below the energy 
space (Theorem II.3D . Therefore, it is natural to study the long time behavior of such local 
solutions constructed in a probabilistic manner. 

Our main goal in this paper is to prove almost sure global well-posedness of (11.11) below 
the energy space under suitable randomization of initial data. See Theorem 11.51 below. In 
particular, this settles the question of almost sure global well-posedness for large, random, 
and rough initial data, in the physically important case of the energy-critical NLW on R 3 . 
This case was not addressed in the previous works on the subject. Indeed, previously, 
Liihrmann-Mendelson [23j proved almost sure global well-posedness below the scaling crit¬ 
ical regularity for energy-subcritical (sub-quintic) NLW on R 3 . In the same paper, they 
also proved almost sure small data global well-posedness for the energy-critical NLW (II.ID 
on R 3 . We point out that the methods used in [23] are specific to the energy-subcritical 
or small data setting and are not applicable to our problem. In fact, a new method was 
needed for studying the global behavior of solutions to an energy-critical equation with 
large random initial data. Recently, the second author [[25] successfully implemented such 
a method and proved almost sure global well-posedness below the energy space for the 
energy-critical NLW on R rf , d = 4,5, with large random initial data. The argument in [ 25] . 
however, fails in the case of d = 3, and thus we need to develop additional new ideas and 
perform a more intricate analysis to treat m on R 3 . 

1.2. Wiener randomization. In this subsection, we discuss the randomization for func¬ 
tions on R 3 that we employ for our main result. 
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Following the works of Bourgain [6] and Burq-Tzvetkov {9], there have been many results 
on probabilistic construction of solutions to evolution equations via randomization of initial 
data. On a compact manifold M , there is a countable (orthonormal) basis of L 1 2 * (M) 

consisting of eigenfunctions of the Laplace-Beltrami operator. This gives a natural way to 
introduce a randomization as follows. Given uq = Y^=i^n^n € H S (M), we can define its 
randomization Uq by 

OO 

Uq := ^2 g n (uj)u n e n , (1.4) 

n =1 

where {gVilneN is a sequence of independent mean zero random variables, satisfying certain 
moment estimates. When M = T d , we can express Uq in C3D as 

Uq =E(u)*u 0 , (1.5) 

where S is a random distribution given byQ 

3(w) = £ 9n{uy* in - x . (1.6) 

n£jj d 

In particular, if {g n } n £Z d is a sequence of independent standard Gaussian random variables, 
then E in (11.61) corresponds to the (mean zero Gaussian) white noise on T d . In this case, 
we can call the randomization Uq given by (11.41) and (11.51) the white noise randomization 
of no- See Remark 11.21 below. 

On the Euclidean space R d , however, there is no countable basis of L 2 {M d ) consisting of 
eigenfunctions of the Laplacian and thus there is no ‘natural’ way to introduce a random¬ 
ization of functions as in (jl.4l) . Randomizations for functions on M. d have been considered 
with respect to some other countable bases of L 2 (M d ) such as a countable basis of the 
eigenfunctions of the Laplacian with a confining potential, for example, the harmonic oscil¬ 
lator —A + \x\ 2 , [HUE]. In the following, however, we consider a simple randomization for 
functions on M rf , naturally associated to the Wiener decomposition of the frequency space 
M|. See also H3JIK5J. 

Let Q n be the unit cube Q n := n + [ — centered at n € h d . For simplicity, we set 

Q '■= Qo- The Wiener decomposition [32] of the frequency space M d is given by the uniform 
partition: R d = {J neZ d Q n - Clearly, given a function u on R d , we have 

u= ^2 xQn( D ) u = J2 x q( d ~ n ) u - ( L7 ) 

n€ji d n£jj d 

Here, XQ n {D) denotes the Fourier multiplier operator with symbol XQ n - 


1. On T d , we have e 2nln ' x = n £ where <f> = Xb(o i)- Then, H in (11.611 can be written as 

= 5Z 9 "-{u) 4 >{D - n)8. 


Compare this with (II. Ill) below. 
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Next, we consider the smoothed version of the decomposition (11.71) . Let if; G S(M. d ) be 
such that suppV' C [—1, l] d , £) = ip(£), and 

XI ?/>(£ — n) = 1 for all £ G R d . 

Then, any function u on R rf can be written as 

u = ^2 iPiD — n)u, (1.8) 

where -i/>(.D — n) denotes the Fourier multiplier operator with symbol ijj( ■ — n). 

We now introduce a randomization adapted to the uniform decomposition (|1.8j) . For 
j = 0 , 1 , let {gn,j} n £z d be a sequence of mean zero comp lex-valued random variables on a 
probability space (f2, J 7 , P ) such that f° r n £ -X J = 0) 1- In particular, goj 

is real-valued. Moreover, we assume that {goj,Reg n j,lmg n j} ne x,j=o,i are independent, 
where the index set X is defined by 

d—l 

X := |J Z k x Z+ x { 0 } d “ fc_1 . (1.9) 

k =0 

Note that = X U (—X) U {0}. Then, given a pair (uo,tti) of functions on lR rf , we define 
the Wiener randomization (uq,u^) of (uq. u\) by 

(«o,«i) : = (S 0 (w) * u 0 , Hi(w) * ui) 

= f ^ iMMV’C 0 - n)u 0 , XI 9 n,i{u)il>(D - n)ui j . (1.10) 

nEZ d nEZ d 

Here, Ho and Hi are random distributions given by 

= X 9n,j{u)i/){D “ 7 = 0, L (1.11) 

n&Z d 

where <5 denotes the Dirac delta distribution. Note that, if u$ and ui are real-valued, then 
their randomizations Uq and uf defined in ( 11 . 101 ) are also real-valued. 

We make the following assumption on the probability distributions for g n .j\ there 
exists c > 0 such that 

J e TX dg n j(x) < e c|7 ! 2 , j = 0 , 1 , ( 1 . 12 ) 

for all n G Z d , (i) all 7 G R when n = 0, and (ii) all 7 G l 2 when n G 1> d \ {0}. Note 
that (11.121) is satisfied by standard complex-valued Gaussian random variables, standard 
Bernoulli random variables, and any random variables with compactly supported distribu¬ 
tions. 

It is easy to see that, if (ito,iti) G H s (R d ) x LP _ 1 (R f2 ) for some sGK, then the Wiener 
randomization (uq,Ui) is almost surely in H s (M. d ) x LP _ 1 (R d ). Note that, under some non¬ 
degeneracy condition on the random variables {g n ,j }, there is almost surely no gain from 
randomization in terms of differentiability (see, for example, Lemma B.l in |9]). Instead, 
the main feature of the Wiener randomization (11.101) is that (uq,Ui) behaves better in terms 
of integrability. More precisely, if Uj G L 2 (R d ), j = 0,1, then the randomized function ip- 
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is almost surely in L p (R d ) for any finite p > 2. See [5]. It is this improved integrability that 
allows us to construct global solutions to (11.11) below the energy space in a probabilistic 
manner. 


Remark 1.1. The uniform decomposition () 1.8 D comes from the modulation symmetry (of 
L 2 (M d )), i.e. the translation symmetry on the Fourier side. As such, the uniform decom¬ 
position (11.81) and the Wiener randomization (11.101) are closely related to the modulation 
spaces. See [3] for more discussion on this issue. 


Remark 1.2. Let M = T d . In this case, if {5n} ne z d is a sequence of independent standard 
Gaussian random variables, then S in (11.61) represents the white noise on T d and the ran¬ 
domization (11.51) gives the white noise randomization for functions defined on T d . Given 
L > 0, let El be the white noise on T d L := ( R/LZ) d ~ [— ■§, ^) d defined by 


S L (x;w) = 

n€jj d 


9n(u) 2 t Tif-x 
d L 

L2 


Then, we can also consider the white noise randomization Uq = El* no for functions on T^. 
One of the main features of this randomization is the gain in integrability; if uq € L 2 (T^), 
then the randomized function is almost surely in L p { T^) for any finite p > 2. As 
mentioned above, this improved integrability also holds for the Wiener randomization (11.101) 
for functions on 

Given a function uq on M rf , one may be tempted to consider an analogous white noise 
randomization Uq := E R d * uq on M rf , where E R d is the white noise on R d obtained as the 
limit@ of El as L —>• oo. Such a randomization, however, is not suitable for our problem 
due to the lack of (global) integrability. For example, given uq € _L 2 (M d ), it follows from 
E[E R d(x)E Rd (y)J =5{x-y) that 

® [ll^R** * ' u '0|Il 2 (R' j )] = j ^ 

j 11 ^011 l 2 (IR.^) 

This shows that while the white noise randomization is useful in studying evolution equa¬ 
tions on T d , it is not suitable on M rf , at least for our problem. The Wiener randomization 
discussed above can be regarded as a suitable adaptation of the white noise randomization 
on K rf , but on a fixed scale. See [5] for the effect of the Wiener randomization based on 
dilated cubes. 


J E Rd (x - y)u 0 {y)dy J E Rti (x - z)u 0 (z)dz 


dx 


2. As L —» oo, El converges in distribution to the white noise E R d on C^,’*(R d ; C), s = — | —, viewed as 
a Frechet space endowed with the metric: 

,, „ ■> _ V— ' 1 11/ — S , |lc°> s ([ — k,k]) 

This can be seen from the corresponding convergence (in distribution) of the periodized Brownian motion on 
T d (represented by the Fourier-Wiener series) to the Brownian motion on R d in C^’® (R d ; C) with s = 1 — | —. 
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I. 3. Main result. Our main goal in this paper is to prove almost sure global well-posedness 
of (11.11) on R 3 below the energy space (Theorem 11.51) . 

We use the following shorthand notations for products of Sobolev spaces: 

■H S (R 3 ) := H S (R 3 ) x H S ~ 1 (R 3 ) and H S (R 3 ) := H S (R 3 ) x H S -\R 3 ). 

We also denote by S(t ) the propagator for the linear wave equation given by 

S(t) (u 0 ,ui) := cos(f|V|)ri 0 + (113) 

We hrst present the following result on almost sure local well-posedness of m below the 
energy space. 

Theorem 1.3 (Almost sure local well-posedness). Let s € [0,1). Given (uq,ui) € 'H S (R 3 ), 
let (uq,Ui) be the Wiener randomization defined in (OOP . satisfying (11.121) . Then, the 
energy-critical defocusing quintic NLW m on R 3 is almost surely locally well-posed with 
respect to the Wiener randomization ('Uq , uf ) as initial data. More precisely, there exist 
C, c, 7 > 0 such that for each T <C 1, there exists a set Qt C with the following properties: 

(i) P{LI c t ) < Cex p(—^). 

(ii) For each u € LIt, there exists a unique solution u u to CCD with (u u , dtu u )\t=o = 
(uQ,uf) in the class: 

(5(t)«,<),a^(t)«,<))+C([-T,T];^ 1 ( R 3 ))CC([-T,T];^(R 3 )). 

Here, uniqueness holds in a ball centered at S(-)(uq ,uf) in 

C([—T, T]; hT 1 (R 3 )) D L 5 ([—T, T];L 10 (R 3 )). 

This theorem is in the spirit of the almost sure local well-posedness results in ia ill Eg. 
Namely, given random initial data (uQ,uf), denote the linear and nonlinear parts of the 
solution to (| 1 . 1 D by 

z u {t) := S(t){u%,uf) and v u := u“ - z". (1.14) 

Then, ( 11 . 11 ) can be reformulated as the following perturbed NLW: 

f dfv^ — AiA + {v^ + z u ) b = 0 

\(^,a ^)| t=0 = (o,o). 

In view of the usual deterministic Strichartz estimates (Lemma 12.11) and the probabilistic 
Strichartz estimates (Lemma 13.2D . a simple fixed point argument allows us to construct a 
solution v u to (11.151) in C{[—T, T]; i/ 1 (R 3 )) for each oo belonging to some appropriate set 
LIt- This yields Theorem II. 31 As this argument is standard, we omit the proof of Theorem 

II. 31 See [23] for details. 

Remark 1.4. (i) Note that the regularity s = 0 is the lowest regularity for which one can 
prove almost sure local well-posedness by this argument of constructing a solution v u to 
(j 1.15 f) in C([—T, T]; iL 1 (R 3 )). This is due to the fact that the nonlinear Duhamel term in 
( 12 . 21 ) gains exactly one derivative. 
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(ii) In the definition of the Wiener randomization (11.101) . we used a smooth cutoff function 
if. Theorem 11.31 still holds even when we replace if by the sharp characteristic function %Q 
of the unit cube Q. The same comment holds for Theorem 11,51 See also Remark 11.61 (iii) 
below. 

Next, we turn our attention to the global-in-time behavior of solutions with random 
initial data below the energy space. The following is the main result of this paper. 

Theorem 1.5 (Almost sure global well-posedness). Let s € (|,1). Given (no,ni) € 
let (uQ,uf) be the Wiener randomization defined in (11.101) . satisfying (11.121) . Then, 
the energy-critical defocusing quintic NLW CCD on R 3 is almost surely globally well-posed 
with respect to the Wiener randomization (uQ,uf) as initial data. More precisely, there 
exists a set C Ll of probability 1 such that, for every u e there exists a 

unique solution u to m in the class: 

Before explaining the main ideas of the proof of Theorem ll.51 we first discuss the previous 
results directly relevant to our problem. Interested readers are referred to [Z5j for a thorough 
list of references on almost sure global well-posedness of evolution equations with random 
initial data. 

Previously, Liihrmann-Mendelson [23] considered energy-subcritical defocusing NLW on 
R 3 with nonlinearity \u\ p ~ l u, p < 5, with random initial data of the form (11.101) . In 
particular, for ^(7 + \/73) ~ 3.89 < p < 5, they proved almost sure global well-posedness 
below the scaling critical Sobolev regularity s cr ; t := | — < 1. Their approach is based 

on the probabilistic high-low method introduced by Colliander-Oh m in the study of the 
cubic nonlinear Schrodinger equation (NLS) on T with random initial data. This method is 
an adaptation of Bourgain’s high-low method [7] to the probabilistic setting and is effective 
in a subcritical regime. It is, however, not an appropriate tool in our energy-critical setting. 

In [25], the second author considered the energy-critical defocusing NLW on W 1 , d = 4,5, 
and proved almost sure global well-posedness below the energy space. The main novel 
approach in [25] is the probabilistic perturbation theory. See also Benyi-Oh-Pocovnicu [5]. 
One of the key ingredients in applying probabilistic perturbation theory was a probabilistic 
(a priori) energy bound. Here, the probabilistic energy bound states that given any T, e > 0, 
there exists C H with Ptfilffi) < e such that, for all u 6 the solution v u to the 

perturbed NLW (11.151) (with the appropriate energy-critical powers for d = 4,5) satisfies 

||(e ( t),dtv (£))llL°°([o,T],?p(R d )) — C(T,e) (1-16) 

for some C(T,e) > 0. Such a probabilistic energy bound was first established by Burq- 
Tzvetkov |10] in the context of the (energy-subcritical) cubic NLW on T 3 . In [10., .25], (| 1. 161) 
was obtained by estimating the growth of the (non-conserved) energy E(v u ) of the solution 
v u to (11.151) via probabilistic Strichartz estimates, Sobolev’s inequality, and Gronwall’s 
inequality. Such an argument as in [101125] , however, does not hold for the energy-critical 
defocusing quintic NLW (11.11) on R 3 . In particular, the degree of the quintic nonlinearity 
is too high to close the argument. See Remark 5.1 in [25]. 
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Theorem 11.51 covers the missing case from |23l 125] : p = 5 and d = 3. This corresponds 
to the energy-critical NLW in three spatial dimensions, and thus it is of importance from a 
physical point of view as well as an analytical point of view. As in [25], the main approach 
to prove Theorem [L5] is the probabilistic perturbation theory. In the deterministic setting, 
perturbation theory has played an important role in the study of the energy-critical NLS and 
NLW ]i2l[20| . It has also been effective in establishing global well-posedness of NLS with a 
combined power-type nonlinearity [301I2T] . In our probabilistic approach, we view (11.151) as 
the defocusing quintic NLW with a (random) perturbation given by (rA+^P ) 5 — (rP) 5 . Then, 
smallness of the perturbation comes from the probabilistic Strichartz estimates (Lemma l3.2l) 
satisfied by the random linear part z w . In particular, by restricting the analysis to short 
time intervals, we can make the perturbation small. 

In applying perturbation theory in the probabilistic setting in [25], it was essential to 
have the probabilistic energy bound (11.161) . As we pointed out above, however, the approach 
in m E2] does not yield a probabilistic energy bound (11.161) for the perturbed NLW (11.151) 
on M 3 . Indeed, this is the main source of difficulty in establishing Theorem 1 1.51 In order to 
resolve this issue, we develop a more intricate analysis that will allow us to obtain a suitable 
replacement of the probabilistic energy bound (11.161) . More precisely, we consider a sequence 
{ v n}n>i, dyadic of smooth random approximating solutions and establish a uniform (in N) 
probabilistic energy bound for vfj. See Proposition 14.11 below. The main ingredient in the 
proof of Proposition 14.II is a new probabilistic estimate (Proposition 13.31) . where we control 
the L^-norm of random linear solutions. We point out that we only prove a probabilistic 
energy bound, uniformly in N, for the approximating random solutions v^. In particular, 
we do not know how to directly prove a probabilistic energy bound (|1.16l) for the solution 
v w to (11.151) . Such a probabilistic energy bound for v u follows as a corollary to the proof 
of Theorem 11.51 See Proposition 16.11 below. 

Finally, the uniform probabilistic energy bound (Proposition 14. 1 j) combined with the 
perturbation theory adapted to our setting (Proposition 15.21) yields Theorem 11.51 

We conclude this introduction by stating several remarks. 

Remark 1.6. (i) The uniqueness statement in Theorem 11.51 holds in the following sense. 
The set fI( U0;U1 ) in Theorem 11.51 can be written as fh U0)U1 ) = |J £>0 fL with P(fi£) < e. 
Given e > 0, for all uj £ and any finite T > 0, there exists a sequence of disjoint 
intervals covering [—T, T] such that the solution u u is unique in some ball centered 

at S(-){uq , uf) in C(Ij, LT 1 (R 3 )) n L 5 (Ij, L 10 (M 3 )) for all j € N. The uniqueness part of 
Theorem H~5l is essentially contained in the local-in-time Cauchy theory and we omit its 
proof. See Theorem 5.3 in ]25j . 

(ii) As in [101 1241125] . we can enhance the statement in Theorem 11.51 in the following sense. 
Let u 0 : n -A n s (R 3 ) be a map given by uo(cu) := ('«q, uf), where (uQ,uf) is as in ( 11 . 101 ) . 
Then, the map uo induces a probability measure p = /q UQ)Ul ) = P o uo -1 on P S (M 3 ). 
Arguing as in [25], we can show that there exists a set of /u-full measure X C P S (R 3 ) such 
that (a) for any {(f>o,(f>i) € X, there exists a unique global solution u to (jl.ll) with initial 
data ( u,dtu ) | f _ Q = (</>o,0i) and (b) ^(<h(f)(X)) = 1 for any t € M, where 4>(t) denotes 
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the solution map of HMD- Namely, the measure of our initial data set X does not become 
smaller under the dynamics of ( 11 . 11 ) . 

(iii) As a byproduct of the proof of Theorem 1 1.5 1 we obtain the probabilistic energy bound 
(11.161) for the solution v u to (11.151) . Then, by replacing the smooth cutoff function ip with 
the sharp cutoff function xq- w e can also obtain the probabilistic continuous dependence 
of the solution map, and thus probabilistic Hadamard global well-posedness in the sense of 
[M[25j. See Remark 1.4 in [25] . 

(iv) The almost sure global well-posedness result of the energy-critical wave equation on W d , 
d = 4, 5, in [25] holds for s > 0 when d = 4 and s > 0 when d = 5. This is (almost) optimal 
in view of Remark ll.4l (i). Theorem ll.5l on K 3 , however, holds only for s > This regularity 
loss appears in establishing a uniform probabilistic energy bound for approximating random 
solutions (Proposition 14. 1(1 . At this point, we do not know how to close this regularity gap. 

(v) In view of Theorem [T31 it is natural to consider the problem of scattering for m in 
the probabilistic setting. A key ingredient would be to establish a probabilistic bound on 
the global space-time Strichartz L|L^. 0 -norm of the solution v u to (11.151) . The probabilistic 
perturbation theory used for Theorem 11.51 however, only yields a bound on the L 3 L 30 - 
norrn of the solution v u on short time intervals and does not allow us to establish a global 
space-time bound. Thus, a new idea is needed to prove probabilistic scattering (for large 
data). 

As in the deterministic setting, there is no such difficulty in the small data case. Indeed, 
Liihrmann-Mendelson [23] proved a probabilistic small data scattering result for (11.11) with 
large probability. Moreover, even in the large data case, by considering the Wiener ran¬ 
domization on dilated cubes as in [5], one can establish a probabilistic scattering result for 
m with large probability. See [5] for details of such an argument. It is worthwhile to 
note that these results hold only with large probability, i.e. not almost surely. 

This paper is organized as follows. In Section [2] we introduce basic notations and re¬ 
call the deterministic Strichartz estimates. Section [3] covers the necessary probabilistic 
estimates. In particular, Proposition 13.31 is novel and plays an essential role in proving a 
uniform probabilistic energy bound for approximating random solutions (Proposition 14.11) 
in Section [4] In Section [5] we handle the deterministic component of the proof of Theorem 
11.51 Then, we present the proof of Theorem 11.51 in Section [6l 

In view of the time reversibility of the equation, we only consider positive times in the 
following. 


2. Notations 

We say that u is a solution to the following nonhomogeneous wave equation: 


d\u — A u + F = 0 
{u,d t u)\ t =t 0 = ( 0 o, 0 i) 


( 2 . 1 ) 
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on a time interval I containing to, if u satisfies the following Duhamel formulation: 

u(t) = S(t - f o )(0o, 0i) - f Sin(( *~f )|V| ] F(t')dt' (2.2) 

Jto l v l 

for t € /. Here, S(-) denotes the linear propagator defined in (11.131) . We now recall the 
Strichartz estimates for wave equations on M 3 . We say that (q,r) is a s-wave admissible 
pair if q > 2 , 2 < r < oo, 


1 1 1 , 1 3 

- + and - + - 

q r 2 q r 


3 

2 


— s. 


Then, we have the following Strichartz estimates. See mmm for more discussions on 
the Strichartz estimates. 


Lemma 2.1. Let s > 0. Let ( q,r ) and ( q,r ) be s- and (1 — s)-wave admissible pairs, 
respectively. Then, we have 


\\(u,dtU)\\ L oa^j.y^s'i + 1$ II (00) 0l) ll%s + (/-Lf') 

for all solutions u to m on a time interval I 3 to. 


(2.3) 


In our argument, we will only use the following wave admissible pairs: (5,10) with s = 1 
and (oo,2) with s = 0. For simplicity, we often denote the space L^{I\L r x ) by L q jL x or 
L q T L r x if / = [0, T]. 

Next, we briefly go over the Littlewood-Paley theory. Let (p : M —>• [0,1] be a smooth 
bump function supported on [—§,§] and <p = 1 on [— |, |], Given dyadic IV > 1, we set 
Ti(0 = ^(l?l) and 

<Pn(Z) = ¥>($) - 

for N > 2. Then, we define the Littlewood-Paley projection Pat as the Fourier multiplier 
operator with symbol ipN. Moreover, we define P<at and P>jv by P<at = YIkmkn^ 3 M 
and P >n = J2m>n^m- 

Lastly, recall Bernstein’s inequality: 

ll P <Af/||L9(E3) < 1 Vp _ «||P<At/||lp(R 3), 1 < p < g < oo. (2.4) 

As an immediate corollary of (12.41) . we have, for all n € Z 3 , 

||0(L> - n)0|| L9(R3 ) < \\ip(D - n)0|| LP(R 3), 1 < P < q < oo. (2.5) 


3. Probabilistic estimates 

In this section, we first review some basic properties of randomized functions. Then, we 
present the main new probabilistic estimate (Proposition 13.3|) . controlling the LjWnorm of 
random linear solutions. 

First recall the following probabilistic estimate. See [9] for the proof. 

Lemma 3.1. Let {g n }ne z 3 a sequence of mean zero complex-valued, random variables 
such that g— n = gH for all n E Z 3 . With 1 as in (EH), assume that go, R eg n , and lm.g n , 
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n E T, are independent. Moreover , assume that (11.121) is satisfied. Then, there exists C > 0 
such that the following holds: 


^2 9n(u)c n 

7i(EZ 3 


LP(Q) < cypiKH^zs) 


for any p > 2 and any sequence {c n } E £ 2 (Z 3 ) satisfying c_ n = c n for all n E Z 3 . 


Next, we recall the local-in-time probabilistic Strichartz estimates. 


Lemma 3.2 (Proposition 2.3 in [25]). Given a pair (uq,ui) of real-valued functions defined 
on M 3 , let (uq,v,i) be the Wiener randomization defined in cm satisfying () 1.12 f) . Let 
I = [a, b] C M. be a compact time interval. 

(i) If (uq,ui) E ’H°(]R 3 ), then given 1 < q < oo and 2 < r < oo, there exist C, c > 0 such 
that 


P 


“o.OIIL?(7;LS) > A ) < <^exp ^-C 


A 2 


m^iK«o,«i)ii^o. 


(ii) If (uo,u\) E TL S (M. 3 ), then given 1 < q < oo, 2 < r < oo, there exist C,c> 0 such that 

A 2 \ 


P 


“o>“i)ll> A ) < Cexp f-c 


max (1, |a| 2 , \b\ 2 ) \I\ «||(n 0 , ni)||^ s 


/or (ii.a) s = 0 if r < oo and (ii.b) s > 0 if r = oo. 


Lemma 13.21 plays an essential role in the proof of Theorem 11,31 The proof of Lemma 13.21 
follows from Lemma 13.11 and (12.51) . See [23J125] for details. 

The following proposition allows us to obtain a probabilistic estimate involving the Lf 3 - 
norm and plays an important role in establishing a probabilistic energy bound. See Propo¬ 
sition [ XII below. 

Define S(t) by 

S(t)(u 0 ,u i) := —IS- sin(t|V|)u 0 + cos ftM) Ml- (3T) 

Namely, we have dtS(t)(uo, u\) = (V)S(t)(uo,ui). 

Proposition 3.3. Given a pair (tto,tti) of real-valued functions defined on® 3 , let (u^puf) 
be the WTener randomization defined in (11.101) . satisfying (11.121) . Let T > 0 and S*(t ) = 
S(t) or S(t) defined in (11.131) and (13.11) . respectively. Then, for 2 < r < oo, we have 

P^||S'*(t)(no ,n/)|| Z/ oo([ 0) T];Lj(R 3 )) > A ) 

< (7(1 + T)exp ( - c- ^ --p-) (3.2) 

V m ax(l,T 2 )||(no,ni)||^ £(R3) y 

for any e > 0, where the constants C and c depend only on r and e. 
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Proposition 13.31 follows as a corollary to the following lemma. Let S + (t) and S-(t) be 
the linear propagators for the half wave equations defined by 

Given (j> E LP(M 3 ), we define its randomization cjp by 

'■= E 9n,o{^)^{ D ~ n)<t> 

n£Z d 

as in the first component of (jl.lOD . Then, we have the following tail estimate on the size 
of S±(t)(f> u over a time interval of length 1. 


Lemma 3.4. Let j E N U {0} and 2 < r < oo. Given any e > 0, there exist constants 
C, c > 0, depending only on r and e, such that 


P 


P\ 


sin(f|V|) 


V 




bd+i];LS(« 3 )) 


>A)<Cexp(-c ]w 
> A ] < C exp [ — c 


A 2 


2 


A 2 


max(l, j 2 


2 

H e-1 


(3.3) 

(3.4) 


Assuming Lemma 13.41 we first present the proof of Proposition 13.31 


Proof of Proposition I A. A We only consider the case S* (t) = S ( t ) and T > 1. When S* ( t ) = 
S(t), (13.211 holds without the factor T 2 in the exponent. By subadditivity and Lemma 13.41 
we have 


P 


u 0 i u i)IIl^([ 0,T];L£(R 3 )) > < ■ P V J _ 1 Q la ^ T j \\S{t)( u 0 i u l)\\L°°(\j,j+l]-,Ll 

\T] 

< E P( II^X^CM u l )IU?°(f.7,,7+ll;L;(R3)) > 

3=0 

m , x 

2 


> A 


3=0 


< E P ( II C°s(t|V|)Uo llz,f([j,j+l];L 5 (R 3 )) > ~ 


[T] 

+ E P | 

3=0 


sin(f|V|) w 

u i 


|V| 


< C([T] + 1) exp — c 


i]T£(® 3 )) 

A 2 \ 


> A 


r 2 ||(u 0 ,Wl)||^e (K 3 )i 


Here, [T] denotes the integer part of T. 


□ 


Finally, we prove Lemma 13.41 


Proof of Lemma \3.4\ We first prove (13.311 . Define z±(t) and z±(t) by 

z±(t) := S±(t)4> ul and z±(t) := S±(t)(j). 
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Part 1 (a): We first consider the case r < oo. Without loss of generality, assume j = 0. 
For k G NU {0}, let {t.^k ■ I = 0,1,..., 2 k } be 2 k + 1 equally spaced points on [0,1], 
i.e. io,fc = 0 and t,£j c — ti_\^ = 2~ k for l = 1,..., 2 k . Then, given t € [0,1], we have 


4W ~ (4(^4,fc) _ 4(4-i,fc-i)) + 4(°) 


(3.5) 


k =1 


for some = ik(t) € {0 ,... , 2 fc }-! 

We consider the L^-norm with the (inhomogeneous) Littlewood-Paley decomposition. 
Then, by the square function estimate and Minkowski’s integral inequality, we have 


LtWII K 


E l p « 4 (*)l 


i 

2 \ 2 


7V>1 

dyadic 


< 


7V>1 

dyadic 


E Il p w 4 (*)ll 


Then, from (13.51) and (13.61) . we have 


II4IU?°([o,i]ts) ~ ( E (E n ™Jl p ^( z ±^4,d-4(Vi^-i))ll 

V N> 1 fc=l 0 ^ 4 ^ 2 
dyadic 

where ip *.-1 is one °f the 2^ fc_1 )+l equally spaced points such that 


i 

2 \ 2 
Ll 


l 

2 \ 2 


(3.6) 


l 4 (°)IUs> 


I*4.fe ~~ ll - 


1 -fc 


(3.7) 


Hence, for p > 2, we have 

^ e [II4IIl?°([o,i];L-)] 


1 

P\ P 


~ J2 [Yl riojjgk-4(Vr.*-i) 

dyadic 

+ (e[||4(o)|| le ^4 


I U 


1 \ 2 \ 2 


(3.8) 

Note that it follows from Lemma 13.11 and (I2.5j) that the second term on the right-hand side 
of (13.81) can be bounded by 


e[II4(0)IL -If H-JvUWu 


(3.9) 


for p > r. 

In the following, we first estimate 

oo 


k =1 


In ■= ( E max || p iv(4(*4,fc) “ 4(fy e _ 1 ,fc- 1 ))|| 


_1 

P\ P 


for each dyadic IV > 1. Let 


qk ■= max(log2 k ,p,r) ~ log2 fc + p. 


(3.10) 


3. Think of the binary expansion of this given t £ [0,1], Then, te kl k can be given by the partial sum of 
this binary expansion up to order k. 
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Then, we have 


In < E ( E E|| p iv(4(*4,*) - 4(^_ 1 ,fc- 1 ))| 

k=1 '4=0 

Noting that ( 2 k + l) q k <1 and applying Lemma [3TTT 


ik 


< \ max 

“ 0<4<2 fc 

OO 

^E^ max 

0<4<2 fc 


(E||Pjv(4(t4, fc ) - 4(V h _ 1 ,fc- 1 ))||?r' 


I L r 


k=1 

By m, we have 


t 2 


<E^ max , 

0<4<2 fe 


|Pat^(L> - n)(z±(t< fcl fc) - ^±(^_ llfe -i)) || i2 


fc=i 

Then, by (13.711 we have 

WPNipiD - n)(z±(t tk>k ) - z ± (t e > k _ ijk _ i)) || i2 


*|n|~JV 


(3.11) 


(7 

e ±i|?|t 4 , fc _ e ±4€lv fc _ r fc-i 

V4|g|~AT 



|V>(£-n)<X£)| 2 ci£ N 


<min(l,2 fc lY)||PAri/>(D - , vr || L 2 • 
Hence, from (13.111) and (|3.12l) . it follows that 

OO 

J N <^2 ^qkmm(l,2~ k N)\\P N (j)\\ L 2. 


(3.12) 


(3.13) 


k=1 


Now, we separate the summation into 2 fc lV > 1 and 2 fc lV < 1 and estimate the 
contribution from each case. Note that from (|3.10|) . we have 


y/Q k ~ Vlog2 fc • VP- 


(3.14) 


Case 1: 2 _fc lV > 1. 

In this case, from (I3.14p . we have 


Hence, we have 


Vv k 7 VlogiV ' VP 


Q 3-13D < C r (log N) 2 y/p\\P N (f )\\ L 2 < Cr :£ y/p\\P N (, 


He 


for any e > 0. 

• Case 2: 2~ k N < 1. 


(3.15) 
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From (13.14ft . we have 

OO 

mM < CrVP E Vog2 k )h- k N\\P N 0\\ L 2 < C' rV ^(loglV)3||P Ar ^|| i2 

fc>log N 

< CV,eV / Pll-^ > N < f > \\H e (3.16) 

for any e > 0. 

Finally, putting (13.81) . (13.91) . (|3.13p . (|3.15l) . and (13.161) together, we obtain 


for all p > r and £ > 0. The rest follows from a standard argument using Chebyshev’s 
inequality. 

Part 1 (b): Next, we consider the case r = oo. Then, it follows from Sobolev embedding 
that, given any e > 0, there exists large r> 1 with er > 3 such that 


P 


\ £?°(Lm+i]T§° 


> A < P 


' 5 '±(0^ a; |lLf>([7-J+l];LS(R3)) > CX 
Then, the rest follows from the argument in Part 1 (a). 

Part 2: Next, we briefly discuss how to prove (13.41) when r < oo. Letting 

and Z(t) 

and repeating the argument in Part 1 (but on \j,j + 1] instead of [0,1]), we have 


E [W ZU1 \\ 


1 

P\P 


p. i\ 2 \ 2 
1 X V 


S ( £ (E( E [ 0 ““Jl p a'( z "(‘44-Z"(V,.‘-i))l 

dyadic 

+ (E[\\Z“(j)\\ L r] p y =: I+n. 

When j = 0, then we have II = 0. When j > 1, we argue as in the proof of Proposition 2.3 
(ii) in [25] and obtain 

H < \/pmax(l,j)||0||^-i (3.17) 

for p > r. As for I, we simply repeat the computations in Part 1 with a modification in 

mm-- 

\\P n ^(D - n)(Z(t tktk ) - Z(t t ' k _^ k _ i))|| L2 


'\Z\~N 


±mti k , k _ e ±ii€iv fc _ llfc -i 


2 d£ 


< 


min(A r \2 k )\\P N ip(D - n)<j)\\ L2 . 


This modification yields 


1 ^ C'r,e\/P||(/>||^-1- 


( 3 . 18 ) 
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Then, the desired estimate (13.41) follows from (13.171) and (13.181) . 


□ 


4. Uniform probabilistic energy bound for approximating solutions 
Let (uo,ui) € 7d s (R 3 ) with | < s < 1. Given N > 1 dyadic, define Uj N , j = 0,1, by 

Uj,N '■= p <NU U j = ^2 g nJ (uj)P< N fi(D - n)uj. (4.1) 

nGZ 3 

Note that we have (uq N ,u^ ,N ) € - % 00 (1R3). Let ujy be the smooth global-in-time solution 
to (11.11) with initial data 

(un , dtuisr)\t=o = ( u o,ni u i,n)i 

and denote by zn = zfj and vn = vfj the linear and nonlinear parts of ujy. Namely, 

z N (t) := S(t)(uQ N ,Ui N ) and v N :=u N -z N . (4.2) 

In particular, u/v is the smooth global solution to the following perturbed NLW: 

f dt v N ~ Auat + (v N + z N f = 0, 

|_(?hv>c^jv)|t=o = (0,0). 

It follows from the conservation of the energy of un and the unitarity of the linear prop¬ 
agator that we have || (t'jy-, ^' y jv)llL oo (R-?i 1 (M 3 )) A C(N,u) < oo for each N € N. There is, 
however, no uniform control on the size of vpf, independent of N, since the H 1 -norm of z?j 
tends to infinity almost surely as IV —» oo. 

The following proposition establishes a probabilistic energy bound on vn, independent 
of dyadic N > 1, and plays an important role in the proof of Theorem 11.51 

Proposition 4.1. Let s € (^, 1) and N > 1 dyadic. Given T, e > 0, there exists &n,t,e C U 
such that 

(i) P(Ll c N T)£ ) < £ > 

(ii) There exists a finite constant C(T, e, \\(uo, hi)||?u>(r3 )) > 0 such that the following 
energy bound holds: 

sup ||(u^(t),9tu^(t))|| w i( R 3) < C(T,e, ||(n 0 ,tti)||^ S (R3)), (4.4) 

te[o,T] 

for all solutions to (14.31) with uj € ILv.r.e- 
Note that the constant C(T,s, IK^o,' u i)ll'H s (R3)) independent of dyadic N > 1. 


Proof. First, note that it suffices to prove 


sup ||(ujy(t),^t#(f))|| 
te[o,T] 


Indeed, (|4.4I) follows from (14.51) and 



C '( r , e ,ll(“0»“ 1 )llw(R3)). 
A^nWl-LI — ||(wO,^l)||^(R3)))- 


(4.5) 


(4.6) 
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Let £jv(t) be as in (14.21) and z(t) = z^(t) := S(t)(uQ N ,u^ N ) with S(t) defined in (13.11) . 
Let 5 > 0 sufficiently small such that \ + 6 < s. For fixed T, e > 0, we define &n,t,£ by 


^n,t,£ — {u : Ikivll/uo^ + INivIIlool 6 + || 2 :jv|||oc> + ||2 jvII^6 + ||(V) S 5 zn\\ l °° < A}, 


- Jr T x “ ' '^T^x - • ^' X -• " x " ' * "^Tx 

where A = A(T,e, ||(uo, ui)||'H s (r 3 )) > 0 is chosen such that P{p, c NT£ ) < e. Note that 
the existence of such A(T, e) is guaranteed by Lemma 13.21 and Proposition 13.31 Moreover, 
A(T, e) can be chosen to be independent of N. 

In the following, we prove 

sup E(v%(t)) < C(T,e, ||Oo,«i)||^(R 3 )) (4.7) 

te[o,T] 

for uj € Then, (I4.5|> follows from the coercivity of the energy E. 

For simplicity, we denote and zfy by v and z. in the following. By differentiating E(v) 
in time, we have 

-E(v)(t) = [ dtv(dfV — Av + v 5 )dx = — [ dtv((z + v) 5 — v 5 )dx 
' J R 3 J R 3 


dt 


/ dtv(5zv 4 4 - J\T(z,v))dx, 
J R 3 


where 

Af(z, v ) := 10z 2 u 3 + 10 z 3 v 2 + 5z 4 v + z 5 . 

By integrating in time, we have 

E(v){t) = E(v) (0) — [ [ dtv(t') \hz(t')v(t') A + J\f(z, u)(t , )l dxdt' 

" -v-' Jo J R 3 

=o 

= — f f z{t')dt(v(t') 5 )dt'dx — f f dtv(t')Af(z,v)(t')dxdt' 
J r 3 Jo Jo J R 3 

=: I(i)+n(i), 


(4.8) 


for t € [0,T], Noting that 


< \z(t') 2 v(t') 3 \ + \z(t')\ 5 , 


we have 


t T 

l n (*)l £ / ||^(t)|| L| |KOlli ? lb(Ollia^+ [ II^OlMKOlllio^' 

Jo x Jo 


< 


(l + Iklli^) / E(v)(t')dt' + ||z||lip_. 


(4.9) 


Next, we control the term I (t). Note that u(0) = 0 and v = v% is smooth, both in x and 
t. Then, by integration by parts in time, we have 

rt 


1(f) =- 


;(t)v(t) 5 dx + [ f dtz(t')v(t') 5 dt'dx =: l\(t) + l 2 (t). (4-10) 

J R 3 Jo 


As for the first term Ii(f), we bound it by 
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for some small constant a > 0 (to be chosen later). 

It remains to estimate the second term 1 2 (t) in (14.101) . Noting that z(t) solves the linear 
wave equation, we have 


I 2 (t) 


f f dtz(t')v(t') 5 dt'dx = f f ('V)z(t') ■ v(t') 5 dxdt'. 

J R 3 Jo Jo Jr 3 


(4.12) 


Define Z{t) by 


Z(t) := f (V)z(t) ■ v(t) 5 dx ~ 
Jr 3 


E E M [ P 2 k M z ( t ) F M[v(t) 5 ]dx, 

k=- 1 M> 1 ^ R3 

dyadic 


with the understanding that P 2 -i = 0. 

• Case 1: M = 1. 

By Young’s and Bernstein’s inequalities, we have 


Ht)\< 




+ f E(v)(t')dt'. 

Jo 


(4.13) 


• Case 2: M > 2. 

We write 

y5 = y n p ^, 

dyadic 

and assume that M\ > M 2 > ■ ■ ■ > M 5 without loss of generality. Note that we have 
Pm[u(^) 5 ] = 0 unless M\ > M. With M\ > M and using Holder’s inequality, we have 


1 

i^)i<E E E ||(vr < 5 p 2 fcM ^)iLocM 1 i - s + 5 

k=— 1 M>2 

dyadic M\>M 


5 

II P MjV(t) 


3 = 1 


if 


Summing over dyadic M, Mi,..., M 5 (with a slight loss in a power of Mi) and applying 
Bernstein’s inequality followed by Young’s inequality, 


< 


sup || (V)-*z(i)|| j 




,M\~ s+s+ 


Mi 


^)II P 

3=2 


MjV{t ) 




< 


< 


< 

r-o 


sup 


Mi,.. 

;MS 

sup 

Kvr^wii 

Mi,.. 

,m 5 

sup 

Mi 

||<v> 



| M l- S +<5+ 


3=2 

3(i - s+i+ > ll p„ 1 ,(t)i|3 i ,+niip Mj „(«)iii,' 

3=2 


v{ M * 

M 3 ( l -+ W )|, p Mi „ W ||3 + ||„ W ||6 


3 
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By interpolating L 3 between L 2 and L 6 and then applying Young’s inequality, 

< sup || (V) s “ 5 I(t)|| Loo { ||M 1 2 ( 1 - s+ ‘ 5 +) P Ml 'u ||£ 2 IIPm^II^ + E(v)\ 

x K X X ) 

<sup||<V) s - 5 I(t)|| Loo {||M 1 2 { 1 - s+ 5 +) P Ml t ;||| 2 + ||P Ml <6 +E(v)\ 

Mi x *• x x ) 

< \\(\/) s - 5 J(t)\\ L ^E(v), (4.14) 

where the last inequality follows from Bernstein’s inequality as long as 2(1 — s + <5+) < 1, 
i.e. s > \ + <5. 

Hence, from (|4.12p . (J4.13I) . and (14.141) . we obtain 

|I 2 (t)| < \\z\\ 6 L e Tx + (l + ||(V) s_< 5 2’|| l ^) J* E{y){t')dt'. (4.15) 

By choosing sufficiently small a > 0, it follows from (14.8|) . (14.91) . (14.101) . (14.111) . and (14.151) 
that 

E(y)(t) < Ci(z,z,T) + C 2 (z,z,T) [ E(y)(t')dt ', 

40 

for t € [0,T], where C\(z,z,T) and C 2 (z,z,T) satisfy 

C\(z,z,T) ~ + Ml* < A(T,e, ||(uo,^i)||'H s (R 3 )) < °°> 

C 2 (z,z,T)~l + \\z\\* + ||<V> S ^^l^cxi < A(T, e, ||(uo, ui)||-^s(k 3)) < oo. 

1 > x T,x 

Finally, the energy bound (14.71) follows from Gronwall’s inequality. □ 


5. Deterministic analysis of the perturbed NLW 

In this section, we discuss the deterministic component of the proof of Theorem 11.51 
Given a deterministic real-valued function /, we consider the Cauchy problem of the fol¬ 
lowing perturbed defocusing quintic NLW: 

f d?v - Av + ( v + f) 5 = 0 (5 ^ 

\(«,d t tO| t=to = (v 0 ,vi). 

In this section, we prove long time existence of solutions to (15.11) under some appropriate 
assumptions on /. 

First, we briefly discuss the local well-posedness of (15.11) . If one applies the Strichartz 
estimates (Lemma 12 .ip and a simple fixed point argument to prove local well-posedness of 
(15.11) in the energy space, then the time of local existence depends on the profile of the 
initial data. This, however, can be upgraded to the following “good” local well-posedness 
result, where the time of local existence is characterized only in terms of the 77 1 -norm of 
the initial data (uo,ui) and the size of the perturbation /. 

Lemma 5.1 (Proposition 4.3 in [25]). Let (pcld) £ 77 1 (M 3 ). Then, there exists a function 
t : [0, oo) x M + x R + —>• non-increasing in the first two arguments, such that if f 

satisfies the condition 

11 f 11 L\ L*° ([to ,to +r»]) < KtI (5.2) 
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for some K,8 > 0 and r* < r = r(||(uo, )ll-^i( m 3 )’ ^ 1; then there exists a unique 

solution (■ v,dtv ) € C7([fo, to + t*]; ?it 1 (M 3 )) to (15.11) . 

Lemma [5TT1 is the exact analogue on R 3 of Proposition 4.3 in [25]. Its proof is based on 
the global space-time bounds of solutions to the energy-critical defocusing NLW from EM 
and a perturbation argument, in particular, the long time perturbation lemma (Lemma 4.5 
in [25]). See [25] for the details of the proof. 

Given finite I> 1, our goal is to construct a solution to (|5.1I) on [0, T} for suitable /. If 
there is an a priori energy control: 

sup ||(u(t),<9 i u(f))||^ 1(R3} < C(T) < oo, (5.3) 

tg[0,T] 

then Lemma [5711 allows us to construct a solution v to (15.11) on [0, T]. Indeed, the analogue 
of Lemma 15.II on M. d , d = 4,5, was the main part of the deterministic analysis in |25j . It 
was then combined with the probabilistic a priori energy bound (11.161) to prove almost sure 
global well-posedness of the defocusing energy-critical NLW on R d . d = 4,5. 

Our setting is slightly different; we do not assume an a priori energy control (15.31) . 
Instead, we assume a uniform a priori energy control (see (15.61) below) on smooth approxi¬ 
mating solutions vn and construct a solution v to (15. ip on long time intervals (Proposition 
15.21 below). In Section ( 6 [ we will combine this result with the uniform probabilistic a priori 
energy bound on smooth approximating solutions (Proposition 14. 1 P and prove almost sure 
global well-posedness of ( 11 . 11 ) below the energy space. 

Given / € loc L 30 , let /tv = P<tv/ for dyadic IV > 1. Consider the following perturbed 
NLW: 

f dfvj v - Av n + (v N + /at) 5 = 0 
\ (vn, dtVN)\t=0 = (0,0). 

The following proposition is the main result of this section. 

Proposition 5.2. Let /, /tv, and vn be as above. Given finite T > 0, assume that the 
following conditions hold: 

(i) There exist K, 9 > 0 such that 

II/IIl?li°(JxR 3 ) — (5.5) 

for any compact interval I C [0, T]. 

(ii) For each dyadic N > 1, a solution vn to (15.41) exists on [0, T] and satisfies the 
following uniform a priori energy bound: 

sup sup ||(uTv(t),< 9 tt’Tv(£))||?p(]R 3 ) < Co CO < oo. (5.6) 

n te[o,T] 

(iii) There exists a > 0 such that 

11/ f n\\ l ^ l w < C\{T)N— a (5.7) 

for all dyadic N > 1. 
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Then, there exists a unique solution (v,d t v) € C([0, T]; 'H 1 (M 3 )) to (15.11) with (v,d t v)\ t= o = 
(0,0), satisfying 

sup ||(u(t),(9 t i;(t))||- H i (R 3 ) < 2Cq(T) < oo. (5.8) 

te[o,T] 

Proof. Given T > 0, fix 

t 0 :=t(2C 0 (T),K,9), (5.9) 

where t and C'o(T) are as in Lemma 15.11 and (15.61) . respectively. Fix 0 < r* < to and divide 
the time interval [0, T] into many subintervals of length r* and denote them by 

ij ■= \jt*, (j + i)t*] n [o ,t\, 

j = 0,1,..., [^]. The basic idea of the proof is to iteratively apply Lemma 15.11 on each 
Ij, while controlling the growth of the TT-nornr of ( v,dtv ) on Ij. In the following, various 
constants depend on K, 6, and a in (15.5p and (15.71) . but we suppress their dependence. 

We start with a brief description of the properties of the solution vn to (|5.4I) . By (15.5p 
and (15.71) . we have 

II/a"II xR 3 ) < K\I\ e + C^N-*, (5.10) 

for any compact interval I C [0, T]. It follows from a slight modification of the proof of 
Proposition 4.3 in [25] that there exists N\ = IVi(T, ||(^ 0 :^i)||^i( R 3 )) such that an analogue 
of Lemma 15.11 holds for 

f d'?v N - Av n + (v N + /at) 5 = 0 ^ n s 

\{v N ,d t v N )\ t =t 0 = (v 0 ,vi) 

as long as N > N\. More precisely, there exists t\ = ti (|| (vo, ^i)ll^i( R 3 ), K, 9) <C 1 such 
that, if /at satisfies (15.101) on I = [toTo + t] for some 0 < r < t\, then there exists a unique 
solution (vN,dtViv) € C([toTo + t|;"T 1 ^ 3 )) to (15.111) . 

Let T 2 := ti(Go(T), K, 6). Then, in view of (I5.6p . we can apply this observation iteratively 
on intervals Ik := [A:t 2 , (fe + 1 ) 72 ], k = 0,1,..., [^-], and define the solution vn on the whole 
interval [0, T], Moreover, it follows from the proof of Proposition 4.3 in [2E[] that there exist 
j| < 1 and J{Cq(T )) € N such that we can decompose the time interval interval Ik into 
./(.-many subintervals Ik/ for some J' k < J(Cq(T)) with the property that 

ll^ivIL 5 - Rio < ^T], (5.12) 

!k,e 

for all k = 0,1,..., [^] and j = 1,2,..., J' k . 

We now begin the construction of the solution v to (15.11) . Since (v,dtv)\t=o = (0,0), we 
have ||(t'(0), 9tu(0))||^i( R3 ( = 0 < 2Cq(T). Thus, Lemma l5Tl guarantees the existence of 
v on Iq := [0,r*] C [0,To]. In particular, we have (v,d t v) € C(Iq] ’H 1 (M 3 )). Moreover, it 
follows from the proof of Proposition 4.3 in [25] that there exists a decomposition of the 
time interval Iq into Jo-many subintervals /o,m> with the property that 

IMIz® Ljo < 4 t/, (5.13) 

1 0,m x 


for all m = 1, 2,..., Jq. 
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Next, consider the following decomposition of Iq. 

Io = := Io,m d ^k,£ • ^k,i hi Iq 7 ^ 0 }- 

k,£,m 

Note that this decomposition contains at most ([^ 7 ] + 1)J(Cq(T))Jq subintervals. For 
notational simplicity, let / := to '■= min Io.k/. m , and wn '■= {v — vj\r,dtv — div^). 

Then, it follows from (15.131) . (15.121) . (15.51) . (15.101) . and making tq smaller, if necessary, that 
there exists IV 2 = N 2 (T) > N\ such that 

+ H^lllfLio + H/lllfLio + \\fN\\* L 6 L w 

< V 4 + K\% 9 + [Ci(T)lV -“] 4 « 1, (5.14) 

for all N > IV 2 . Then, by Lemma 12.11 and (15.141) . we have 

ll^jvll LfH 1 + II 1 ’ — v n\\l 5 i LI° 

< C 2 \\w N (t 0 )\\^i + \\\v - vnWl^l™ + ill/ - /at11 1 , 5 £, 10 . (5.15) 

Hence, it follows from (15.71) and ([5.151) that 

Ikivllioc^i + \\v-v n \\ L 5 L w < C 3 (T)(||u; A r(to)||^i + -/V _ “) (5.16) 

for all N > N 2 . Then, applying (15.161) with 0) = 0 and (14.61) on all the subintervals 
I = Io,k/,m in an iterative manner, we obtain 

||u;jv||l°°«i < T(C 3 (T) + 1 )([^]+ 1 ) J ( c o( T )) J o Ar -a_ (5T7) 

7 o 

Then, it follows from (15.171) and (15.61) that there exists IV 3 = N 3 (T, t 2 ) > N 2 such that 

\\{v,d t v)\\ LTH x < Co(T) +T(C 3 (T) + 1 ) ([ ^ ] + 1 )J( °o(r))Jor« < 2 Co(t) (5.18) 
for all N > N%. This in particular implies that 

||(v(T*),atu(T*))|| 9il(R3) < 2C'o(T). 

Thus, we can apply Lemma [5TTI and construct a solution (v,dtv) € C(i"i; 77 1 ). Moreover, 
it follows from the proof of Proposition 4.3 in [25j that there exists a decomposition of the 
time interval Ii into J{2Cq (T))-many sub intervals Ii )7n with the property that 

\HL* Ll° < 

I l,m x 

for all m = 1,2,..., J(2Cq(T)). Arguing as before, there exists IV 4 = N 4 (T,t 2 ) > iV 3 such 
that 

\\(v,dtv)\\ LTi Hi < C'o(T) + T(C 3 (T) + 1 )([^]+ 1 )ACo(T))(Jo+J( 2 C 0 (T)) Ar _ a 

<2C 0 (T) (5.19) 


for all N > N 4 . In view of (15.191) . we can clearly apply Lemma [5. II and extend the solution 
v onto I 2 . 
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Arguing inductively, we can extend the solution v onto the entire interval [0, T], Fur¬ 
thermore, there exists Nq = No(T, T 2 ,t*) E N such that 

sup ||(u(t),^u(t))|^l (K 3 ) < Co(T) +T(C 3 (T) + 1 f^]+^o(T)){Jo + [^]J( 2 Co(T))} N ^ 
te[o,T] 

< 2C 0 (T), 

for all N > Nq. Hence, the energy estimate (15.811 is also satisfied on [0, T\. □ 

Remark 5.3. (i) The condition (15.611 can be relaxed as follows; it suffices to assume 

sup ||(uAr 0 (0,^jv o (0)lki(iR3) < C'o(T) < oo, 
te[o,T] 

for some Nq = Nq(T,Cq(T)) 2> 1. 

(ii) The proof of Proposition 15.21 shows that the hypothesis (15.51) can also be relaxed. Let 
r* < to, where to is as in (|5.9|> . Then, by setting Ij = [jt*, (j + 1)t*] D [0, T], it suffices to 
assume that there exist K, 6 > 0 such that 

II/IIl® li° < K \l/ « i 

b 

for all j = 0 ,... , [£]. 

6. Almost sure global existence 

In this section, we present the proof of Theorem II.51 Note that Theorem II.51 follows once 
we prove the following ‘almost’ almost sure global well-posedness for (11.11) . See [13, 5| for 
details on this reduction. 

Proposition 6.1 (‘Almost’ almost sure global well-posedness). Let s € (^,1) and T > 
1. Given (uq,ui) E ’H S (M 3 ), let (Uq,Ui ) be the Wiener randomization defined in (Thiol) . 
satisfying (11.121) . Then, given any T, e > 0, there exists LIt,e C H such that 

(i) P(L^) < e, 

(ii) For any uj E there exists a unique solution u u to on [0, T] with 

(vF,dtu u )\t=Q = (uq,Ui) in the class: 

(5(t)K,O,9 f 5(t)K,<))+C([0,T];P 1 (M 3 ))cC'([0,T];P s (M 3 )). 

(iii) For any uj E FLte, the following probabilistic energy bound holds for the nonlinear 
part v u of the solution u u : 

sup ||(^(t),5 t u a; (t))|| w i (R 3 ) < C(T,e, ||(uo,«i)||w»(r 3 ))- 
te[o,T] 

The main ingredients of the proof of Proposition 16.11 are the probabilistic uniform en¬ 
ergy bound on approximating solutions (Proposition 14.ip and the deterministic long time 
existence for the perturbed NLW (15.11) (Proposition 15.21) . 

Proof. Given [uQ,uf), let zP and zfj be as in (11.141) and (14.21) . respectively. With a E (0, s], 
set 

M = M(T,e, ||(it 0 ,'iti)||^a) ~ rf (log ^ 2 \\(u 0 ,ui)\\n<*- 
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Then, defining Rj = Q 1 (T, e) by 

Ri := {w € ft : ||(V) a z w || i ^ L io < M}, 
it follows from Lemma 13.21 (ii) that 

pm < §■ (6-i) 

Moreover, for each w € fii, we have 

II*" - ^IL^io < ^ a ||(V) a ^|| L 5 i io < MN~ a . (6.2) 

Given dyadic N >1, apply Proposition 14.II and construct Q 2 (N) := O n,t ,§ with 

P(n 2 (N) c ) < I (6.3) 

such that 

sup ||(u^(f),diP^(t))||- H i < Cq(T,s, ||(u 0 ,«i)||^s) < oo, (6.4) 

te\o,T] 

for each u € £l 2 (N). The main point here is that Co = Cq(T,s, ||(«o, wi)||^») can be chosen 
independent of N. 

Fix I\ = ||(uo, «i)||^o and 0 = ^ in the following. Let r* < tq to be chosen later, where 
To = t(2C 0 (T), K, 9) is as in (|5.9|) . By writing [0, T] = Uj=o*' Ij with Ij = \jn, (j + l)r*] n 
[0, T], define R 3 by 

L! 3 :={cu€f2: H^IL^io < K\l/, j = 0,..., [£] }. (6.5) 

Then, by Lemma 13.21 with \Ij\ < r*, we have 

[—] 

Pm) <Ed l|T|| t , > K\I S \>) < Lexp (- ~r J. 

j .0 v ‘ ' T * V T’r.V 

By making r* smaller if necessary, 

< —r* exp (-~ r ) = T exp (-]. 

T * V 2T 2 r* 5 ) V 2T 2 r* 5 J 

Hence, by choosing r* = r*(T, e) sufficiently small, we have 

P(^) < |. (6.6) 

Let := Hi n VL 2 (Nq) n R 3 , where No is to be chosen later. Then, from (16.11) . (16.31) . 
and (16.61) . we have 

m C T,s) < e. 

By choosing JVo = Nq(T,s, ||(uo,ui)||-^s) 1, it follows from Proposition 15.21 and Remark 

15.31 with (16.21) . (16.41) . and (16.51) . that there exists a solution v u to (11.151) on [0,T] for each 
oj € Hence, for u € fi^p, there exists a solution u u = z u + v u to (11.11) on [0, T], 

Moreover, the following estimate holds: 

sup ||(u w (t),d i u w (t))|| w i (R 3 ) < 2C7 0 (r,e,||(u 0 ,« 1 )||w(R3 ) ) < 00 . 
te[o,T] 
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This completes the proof of Proposition 16.11 and hence the proof of Theorem 11.51 □ 
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